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Abstract
How large can anomalous dimensions be in conformal field theories? What can
we do to attain larger values? One attempt to obtain large anomalous dimensions
efficiently is to use the Pauli exclusion principle. Certain operators constructed out
of constituent fermions cannot form bound states without introducing non-trivial
excitations. To assess the efficiency of this mechanism, we compare them with the
numerical conformal bootstrap bound as well as with other interacting field theory
examples. In two-dimensions, it turns out to be the most efficient: it saturates the
bound and is located at the (second) kink. In higher dimensions, it more or less
saturates the bound but it may be slightly inside.
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1 Introduction
It is a remarkable fact that in two-dimensions, the critical Ising model is equivalent to
a free massless Majorana fermion. This results in an unexpected selection rule of the
operator product expansion (OPE) for the energy operator 
×  = 1 + 0 · + ′ + · · · , (1.1)
where the coefficient in front of  does not vanish, say, in the three-dimensional critical
Ising model, but it does vanish in two-dimensions.
In the Landau-Ginzburg viewpoint, the OPE can be interpreted as
φ2 × φ2 = 1 + 0 · φ2 + φ4 + · · · . (1.2)
This selection rule does not arise from the Lagrangian symmetry of the φ4 theory and it
is very hard to predict e.g. by using  expansions. It is more than vanishing of this one
term. The Virasoro symmetry further tells us that infinitely many Virasoro descendant
operators of φ2 have zero OPE coefficients unlike the ones in higher dimensions.
To see how this happens, one may resort to the Virasoro symmetry and study the
Virasoro conformal bootstrap, but there is a more intuitive understanding of this phe-
nomenon. It is simply related to the free fermion representation. If we accept that the
energy operator  is given by a bilinear of free massless Majorana fermion  ∼ ψLψR, we
can immediately understand its origin as a chiral Z˜2 symmetry acting on the Majorana
fermion (i.e. ψL → −ψL, ψR → ψR).
Another feature here is that while we are working with the free fermion, we can still
see a strongly coupled nature of the critical φ4 theory. The conformal dimension of the
first operator ′ that appears in the OPE of  = 1 + ′ + · · · is not twice that of ∆ = 1.
It is rather ∆′ = 4. The free fermion viewpoint gives an interesting interpretation of this
strongly coupled nature: it is the Pauli exclusion principle that makes ψLψL vanish so
that the first available term is ′ = T T¯ = ψL∂ψLψR∂¯ψR (rather than ψLψLψRψR = 0).
It is an interesting question to ask how large values we can attain in anomalous di-
mensions of general conformal field theories (CFTs). The large anomalous dimensions
can be utilized to find concrete examples to solve hierarchy problems in various fine-
tunings (notably in Higgs sector of the standard model of particle physics) or to find
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examples of self-organized criticality.1 In the context of holography, it is related to how
large interactions we can introduce without violating quantum gravity constraint.
As we have alluded above, use of the Pauli exclusion principle seems an efficient way
to obtain large anomalous dimensions. In this paper, we would like to assess how efficient
this mechanism can be. As a benchmark, we would like to compare it with the numerical
conformal bootstrap bound. In two-dimensions, we will show that the Pauli exclusion is
the most efficient. The four-point functions out of free Majorana fermion bilinear will
saturate the bound and it is located at the (second) kink of the numerical conformal
bootstrap bound. In higher dimensions, it more or less saturates the bound but it may
be slightly inside the allowed conformal bootstrap continent.
2 Method
In order to assess the efficiency of the Pauli exclusion principle to obtain large anomalous
dimensions in conformal field theories, we compare it with the bound coming from the nu-
merical conformal bootstrap [1]. For our purpose, we study the crossing symmetry of four-
point functions among identical scalar operators with assumed global symmetries. With
the unitarity, the crossing symmetry constraint can be reduced to a (infinite dimensional)
semi-definite problem that can be investigated numerically [2][3][4][5][6][7][8][9][10][11]
[12][13][14][15][16][17][18][19][20].
Our goal in this paper is to study general bounds rather than making a precise pre-
diction for a particular target conformal field theory e.g. the three-dimensional critical
Ising model. While bootstrapping mixed correlation functions has been a very powerful
tool for the latter purpose [21][22][23][23][24][25][26][20][27][28], we will only use a bound
from a single correlation function. This is partly because we empirically know that a
simple application of mixed correlation functions do not give a better bound for larger
dimensions that we will be interested in.
We will study the four-point functions of identical scalar operators in fundamental
representations of O(N) global symmetry with N = 1, 2, 3. Here O(1) = Z2. For the Z2
1For conformal bootstrap approaches to these problems, see e.g. [1] and reference therein.
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case, the relevant OPE sum rule is
0 =
∑
O∈Φ×Φ
λ2OF (2.1)
while for the O(N > 1) case, the sum rules are given by
0 =
∑
S+
λ2S+

0
F
H
+∑
T+
λ2T+

F(
1− 2
N
)
F
− (1 + 2
N
)
H
+∑
A−
λ2A−

−F
F
−H
 (2.2)
where (±) denotes the even (+) or odd (−) spin contributions. We have used the con-
vention
F = v∆Φg∆O,l(u, v)− u∆Φg∆O,l(v, u)
H = v∆Φg∆O,l(u, v) + u
∆Φg∆O,l(v, u) (2.3)
with the conformal block g∆O,l being normalized as in [29] (which can be explicitly found
in [30]). The unitarity assumes λ2O ≥ 0 and ∆O ≥ d− 2 + l.
Once we rewrite the constraint as a semi-definite program, one may use a numerical
algorithm to solve the problem. We use cboot [31] to generate the semi-definite program
to be solved by SDPB [32][33], but our results can be reproduced by other available
software in the literature [34][35].
In the actual numerical conformal bootstrap analysis, we have to specify several cut-off
parameters. The most important parameter for our purpose is the search space dimension
of functionals to exclude given conformal data. It is specified n+m ≤ Λ, where n and m
are number of z,z¯ derivatives acting on the conformal blocks at the crossing symmetric
point z = z¯ = 1/2 (therefore the search space dimension scales as Λ2). Compared with the
previous studies e.g. [9], we take larger cut-offs (at the cost of search speed) because we
are more interested in the bounds for the higher values of conformal dimensions where the
conformal blocks are exponentially small and we need to increase the cut-offs to obtain
non-trivial bounds. Accordingly, with the higher search space dimension, we have to
increase the digits kept during the numerical computation. A typical parameter set can
be found in Table 1.
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Λ 41 for O(2) 55 for Z2
νmax 45 59
spins up to 52 up to 60
precision 1024 1408
dualityGapThreshold 10−70 10−80
primalErrorThreshold 10−100 10−100
dualErrorThreshold 10−100 10−100
initialMatrixScalePrimal 1070 1070
initialMatrixScaleDual 1070 1070
maxComplementarity 10200 10200
Table 1: Sample parameter set used in our numerical conformal bootstrap. The pa-
rameter νmax is the number of poles (with respect to the conformal dimension) kept in
approximating the conformal block.
3 Results
3.1 Two dimensions
In two-dimensions, Majorana-Weyl condition can be imposed on a spinor. Let us consider
one free Majorana fermion ψL, ψR with left and right chirality to construct a scalar
operator  = ψLψR with conformal dimension ∆ = 1. This theory admits a chiral
symmetry of ψL → −ψL, ψR → ψR under which  is odd. Since the Majorana-Weyl
fermion shows the Pauli exclusion principle i.e. ψLψL = 0 because ψL is one-component,
the first operator appearing in the OPE of × is T T¯ = ψL∂¯ψLψR∂ψR which has dimension
∆T T¯ = 4, and it is much larger than 2∆ = 2.
Let us assess the efficiency of this mechanism by studying the numerical conformal
bootstrap bound. In Fig 1, we have presented the results of the numerical conformal
bootstrap bound with Z2 symmetry. The bound shows two interesting features at ∆odd =
0.125 and ∆odd = 1.0. The first one at ∆odd = 0.125 with ∆even = 1.0 was originally
pointed out in [7] and it was identified with the two-dimensional critical Ising model or a
free massless Majorana fermion with a spin operator σ whose exact conformal dimension
is ∆σ = 1/8 and gives σ×σ = 1 + + · · · with ∆ = 1. The detailed analysis of spectrum
out of the extremal functional saturating the bound at the first kink was done in [11],
4
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Figure 1: Unitarity bound for ∆even in two-dimensional Z2 symmetric CFT as a function
of ∆odd. The point with green cross is the free massless Majorana fermion with the Pauli
exclusion principle.
agreeing with the exact spectrum of a free massless Majorana fermion.
Here we would like to focus on the second kink at ∆odd = 1.0 with ∆even = 4.0.
2
This is precisely the location of the free fermion OPE of ×  = 1 + T T¯ + · · · mentioned
above. This means that the Pauli exclusion principle in the two-dimensional conformal
field theory gives the most efficient way to obtain the large anomalous dimension (at least
at ∆odd = 1). We also observe that the spectrum from the extremal functional is precisely
what we expect in a free Majorana fermion. For example, the estimated spectrum of the
spin zero operator in the OPE is given by 4.00003, 8.0003, 12.006, 16.09 and 20.7 with no
contribution from the descendant of .
We have a couple of comments about the numerical bound in Fig 1. Between ∆odd =
0.125 and ∆odd = 1.0, we observe a non-linear functional form of the bound. In the
literature, it was conjectured that the bound will become a straight line (in the Λ → ∞
limit) of ∆even =
8
3
∆odd +
2
3
up to ∆ = 0.5, where the generalized minimal models are
saturating the bound [38][39]. It is certain that the bound must be above the straight line,
we have a reservation if the bound is precisely saturated by the generalized minimal models
2The appearance of the second kink can be found in recent studies [36][37] as well. S. Rychkov has
informed the author that it was first observed by S. El-Showk.
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(given that the curve must be non-trivial at least between ∆odd = 0.5 and ∆odd = 1.0).
This possible non-saturation was as far as the author knows first claimed by T. Ohtsuki.3
Beyond ∆ = 1, it seems that the numerical bound we obtained is slightly stronger
than the free theory expectation of ∆ = 4∆ (as is claimed in [38]). Note that in a free
scalar theory or in massless Thirring model, there always exists a moduli operator that
has dimension 2, which is well inside the bound.
3.2 Three dimensions
In three dimensions, Majorana condition can be imposed on a spinor. Let us consier a
(two-component) free massless Majorana fermion ψα with conformal dimension ∆ψ = 1.
The classical action of a free massless Majorana fermion is invariant under time-reversal
T but the Majorana mass term  = ψαψα with conformal dimension ∆ = 2 is odd under
T . From the viewpoint of the numerical conformal bootstrap among scalar operators, one
may effectively regard T as a global Z2 symmetry [1]. Thus, effectively we have the OPE
of  = ψαψα as ×  = 1 + ′ + · · · without the appearance of .
Furthermore, the Pauli exclusion principle tells that ′ has an “anomalous dimension”
of ∆′ = 6 rather than 2∆ = 4 because (ψ
αψα)
2 = 0.4 Therefore one may expect, as in
two dimensions, there can be a non-trivial feature in the conformal bootstrap bound with
the Z2 symmetry.
Fig. 2 shows the numerical conformal bootstrap bound with Λ = 41. It does not show
the second kink unlike in two dimensions, but it might be the case that the OPE of a
free Majorana fermion bilinear saturates the bound. In other words, we want to assess
if the Pauli exclusion principle gives the most efficient way to obtain large anomalous
dimensions. To see whether this is the case, we have to take the large Λ limit. Although
it is not conclusive, up to Λ = 55 the bound at ∆odd = 2.0 does not seem to converge to
∆even = 6.0, while the low Λ result looks promising (see Fig 3). Our crude extrapolation
suggests ∆even ≥ 6.147. We have also studied the spectrum but it does not show any
characteristic integer behavior unlike in two dimensions.
3In particular, the numerical conformal bootstrap analysis tells that the convergence of the bound at
∆odd = 0.125 and ∆odd = 1.0 is much faster than at ∆odd = 0.5 as we increase Λ.
4In the first print of the author’s book on the higher dimensional conformal field theory [45], there is
a small misprint on this point.
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Figure 2: Unitarity bound for ∆even in three-dimensional Z2 symmetric CFT as a function
of ∆odd. The point with green cross is the free Mahorana fermion with the Pauli exclusion
principle.
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Figure 3: The bound at ∆odd = 2.0 as a function of the cut-off parameter 1/Λ
2 (between
Λ = 35 and Λ = 55). The green curve is a numerical extrapolation.
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One observation here is that the OPE data of the free Majorana fermion  = ψαψα
considered here satisfies all the conditions (i.e. there are no other relevant operators)
applied in [21] to isolate the three-dimensional critical Ising model in numerical conformal
bootstrap with mixed correlation functions. There it was observed that in addition to an
island corresponding to the critical Ising model, there exists a vast continent that satisfies
the condition. The free Majorana fermion does sit inside the continent albeit it may not
sit at the border [45].
Another interesting class of the Pauli exclusion principle is to consider free massless
Dirac fermions with U(1) or SU(2) global symmetry. Let us take a massless Dirac fermion
with U(1) charge 1/2, and we can form a charge 1 scalar operator Φ = ψα+ψ+α with
dimension ∆1 = 2. Now the idea is that the charge 2 operator constructed out of Φ× Φ
shows the Pauli exclusion principle because (ψα+ψ+α)
2 = 0. The lowest dimensional scalar
operator in Φ× Φ has conformal dimension ∆2 = 6.
In order to assess the efficiency of the mechanism, we show the numerical conformal
bootstrap bound of ∆2 as a function of ∆1 in Fig 4. Again, it is not immediately obvious
if the bound is saturated by the free massless Dirac fermion in the infinite Λ limit, but
we do see that it is close to the bound. For comparison, we also plotted various other
interacting CFTs with U(1) symmetry computed by various methods [40][41][42]. We see
that the Pauli exclusion principle is much more efficient than these interacting examples.
One related question is if the bound becomes a straight line with the slope 2
√
2 in the
infinite Λ limit. This limit corresponds to the asymptotic growth of conformal dimensions
of large charge Q operators in generic U(1) symmetric CFTs in three dimensions: ∆Q ∼
Q3/2 [43][44]. For the free fermion case this comes from the very simple scaling argument:
the total energy scales as E =
∫ pF dd−1p|p| ∝ pdF while the total charge scale as Q =∫ pF dd−1p ∝ pd−1F with respect to the Fermi energy pF . If the series of operators with
charge 2n saturates the bound, the slope will be asymptotically 2
√
2. In this sense it is
nothing but the consequence of the Pauli exclusion principle.
The current situation inferred from our numerical bound is that the slope is slightly
larger than 2
√
2, but with more precision and with larger ∆1, it may become closer to this
value or it may be systematically larger for the other reasons (but it cannot be smaller
than 2
√
2 anyway). We realize that the interacting examples in Fig 4 are more or less
on the line with slope 2
√
2 even though most of the charges are small. Note, however,
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Figure 4: Unitarity bound for ∆2 in three-dimensional O(2) symmetric CFT as a function
of ∆1. As a comparison, we have plotted the free massless Dirac fermion (blue asterisk ),
critical O(2) Landau-Ginzburg model (red white box), monopole operators in scalar QED
(yellow box), and monopole operators in QED (green cross).
that the slope below ∆1 = 2.0 cannot be as small as 2
√
2 because then one would exclude
the free Dirac fermion (∆1,∆2) = (2, 6), so it is indeed the problem of larger ∆1 which
becomes more and more difficult to obtain in the current numerical method because we
need more precision and larger cut-offs.
Similarly, let us take two massless Majorana fermions and form a SU(2) doublet.
Then one may construct the SU(2) triplet Oa = ψαi σ
a
ijψjα with spin zero. Again the
Pauli exclusion principle demands that spin zero operator with the symmetric traceless
representation in Oa × Oa OPE has non-trivial “anomalous dimension” of ∆T = 6 for
∆f = 2. Let us briefly compare it with the numerical conformal bootstrap bound. At
Λ = 41 the bound is ∆T ≥ 6.253 for ∆f = 2.0. As may be expected in the previous
studies for smaller ∆f , the bound is slightly better than the U(1) case (for a fixed Λ), but
the free fermion may not yet saturate the bound.
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3.3 Four dimensions
In four-dimensions, Majorana condition or Weyl condition can be imposed on a spinor.
Unlike in three dimensions, we do not have a global symmetry acting on a single Majorana
mass term, so we do not have an analogue of Z2 symmetry with the Pauli exclusion
principle. If we have a massless Weyl fermion or two massless Majorana fermions, one
may use chiral U(1) or SU(2) symmetry to generate “anomalous” dimensions from the
Pauli exclusion principle. The situation then is very close to the one studied in the
previous subsection. The Weyl fermion bilinear (ψαψα) has conformal dimension ∆1 = 3
with a unit charge under chiral U(1), but (ψαψα)
2 = 0 so that the lowest dimension
operator in the symmetric representation (i.e. charge two operator) must have ∆2 = 8
rather than 2∆1 = 6.
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Figure 5: Unitarity bound for ∆2 in four-dimensional O(2) symmetric CFT as a function
of ∆1. The point with green cross is the free massless Weyl fermion with the Pauli
exclusion principle.
To assess the efficiency of the Pauli exclusion principle, let us compare it with the
numerical conformal bootstrap bound with the U(1) symmetry. In Fig 5 we have shown
the bound. Our bound at ∆ = 3.0 is about ∆ = 8.5 (at Λ = 41). The bound is not yet
converging, but it seems that the crude extrapolation of the Λ→∞ limit does not reach
∆ = 8.0.
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As in three-dimensions, it is an interesting question to ask if the slope becomes 24/3,
the number obtained from the asymptotic behavior of the conformal dimensions of charge
Q operators: ∆Q = Q
4/3 in four dimensions. The slope of the current bound is around
3 and larger than 24/3, but this is necessarily so in order not to exclude the free fermion
value of ∆1 = 3.0 and ∆2 = 8.0. To be more conclusive, we need to study the larger ∆1,
which becomes numerically harder within our approach.
4 Discussions
In this paper, we have studied the efficiency of the Pauli exclusion principle to obtain large
anomalous dimensions. To assess the efficiency, we have compared with the numerical
conformal bootstrap bound. In two-dimensions, it can be most efficient and it saturates
the bound. In higher dimensions, it is very close to the bound, but it may not saturate
the numerical bound within the extrapolation we have attempted.
Throughout the paper, we have mostly investigated free fermions, but the Pauli ex-
clusion principle can appear in the CFT spectrum with gauge symmetries. Certain gauge
invariant composite operators cannot form a bound state without introducing further ex-
citations. In supersymmetric gauge theories, it means that they give rise to non-trivial
chiral ring relations.
In our discussions, we only studied free conformal field theories, so the Pauli exclusion
principle can be implemented with no difficulty. However, in strongly coupled conformal
field theories, the concept may become non-trivial. For example, inN = 1 supersymmetric
gauge theories in four-dimensions (say with SU(N) gauge group), we may expect that the
gaugino bilinear S = TrWαWα would show the Pauli exclusion principle so that S
N2 = 0
because there are only 2(N2 − 1) constituent fermions. However, this relation obtains
non-perturbative quantum corrections and the simple Pauli exclusion principle does not
apply in the strongly coupled gauge theories. In gapped theories, the chiral ring structure
is SN = Λ3N , where Λ is an appropriate confining scale but it is interesting to see what
happens in the superconformal phase.
Finally, we should admit that our brute-force way to find a functional to make a bound
is probably not the most efficient way with larger ∆. The use of the methods proposed
in [46] can be more suited for going with the flow to larger ∆ and study the asymptotic
11
behavior. A study of the large ∆ sector is also important to understand the (AdS) black
hole physics.5
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